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THE GEOMETRY OF FRONTS 


KENTARO SAJI, MASAAKI UMEHARA, AND KOTARO YAMADA 

Abstract. We shall introduce the singular curvature function on cuspidal 
edges of surfaces, which is related to the Gauss-Bonnet formula and which 
characterizes the shape of cuspidal edges. Moreover, it is closely related to 
the behavior of the Gaussian curvature of a surface near cuspidal edges and 
swallowtails. 


Introduction 


Let be an oriented 2-manifold and /: a C°°-map. A point p € 

is called a singular point if / is not an immersion at p. A singular point is called a 
cuspidal edge or swallowtail if it is locally diffeomorphic to 

(1) fc{u,v) := {u^,u^,v) or fs{u,v) := {3u‘^ + u'^v,4:U^+ 2uv,v) 

at {u,v) = (0,0), respectively. These two types of singular points characterize 
the generic singularities of wave fronts (cf. [AGVj ; for example, parallel surfaces of 
immersed surfaces in R^ are fronts), and we have a useful criterion iFact [T31 cf. 
[KRSUY] 1 for determining them. It is of interest to investigate these singularities 
from the viewpoint of differential geometry. In this paper, we shall distinguish two 
types of cuspidal edges as in Figure [H More precisely, we shall define the singular 
curvature function Ks along cuspidal edges. The left-hand figure in Figure [T] is 
positively curved and the right-hand figure is negatively curved (see Corollarv ll.181) . 



Figure 1. Positively and negatively curved cuspidal edges (Example I l.Op . 

The definition of the singular curvature function does not depend on the orienta¬ 
tion nor on the co-orientation of the front and is closely related to the following two 
Gauss-Bonnet formulas given by Langevin-Levitt-Rosenberg and Kossowski when 
is compact: 


([llr!,[kI]) 


( 2 ) 

( 3 ) 


2 deg(u) = x(M+) - x(M_) + #S+ - #S. 




where deg(u) is the degree of the Gauss map u, are the numbers of 

positive and negative swallowtails respectively (see Section [2]), and M+ (resp. M_) 
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is the open submanifold of to which the co-orientation is compatible (resp. not 
compatible) with respect to the orientation. In the proofs of these formulas in [LLR,| 
and |K1| . the singular curvature implicitly appeared as a form Kg ds. (Formula ([2l) 
stated in [LLR,| . and proofs for both ([2|) and ([3]) are in [Kl| .l 

Recently, global properties of fronts were investigated via flat surfaces in hyper¬ 
bolic 3-space f |KUYll IKRSUY] !. via maximal surfaces in Minkowski 3-space 
l[UYjl. and via constant mean curvature one surfaces in de Sitter soace m , see 
also Lee and Yang [LY | ). Such surfaces satisfy certain Osserman type inequalities 
for which equality characterizes the proper embeddedness of their ends. We also 
note that Martinez [Marj investigated global properties of improper affine spheres 
with singularities, which are related to flat fronts in H^. (See also Ishikawa and 
Machida |IMj . 1 

The purpose of this paper is to give geometric meaning to the singular curvature 
function and investigate its properties. For example, it diverges to —oo at swal¬ 
lowtails ICorollarv 11.141) . Moreover, we shall investigate behavior of the Gaussian 
curvature K near singular points. For example, the Gaussian curvature K is gener- 
ically unbounded near cuspidal edges and swallowtails and will take different signs 
from the left-hand side to the right-hand side of a singular curve. However, on 
the special occasions that K is bounded, the shape of these singularities is very 
restricted: for example, singular curvature is non-positive if the Gaussian curva¬ 
ture is non-negative fTheorem 13.11) . A similar phenomena holds for the case of 
hypersurfaces (Section [H]). 

The paper is organized as follows: In Section[Tl we define the singular curvature, 
and give its fundamental properties. In Section [2 we generalize the two Gauss- 
Bonnet formulas ([2]) and ([3]) to fronts which admit hnitely many corank one “peak” 
singularities. In Section[31 we investigate behavior of Gaussian curvature. Section!?] 
is devoted to formulating a topological invariant of closed fronts called the “zig-zag 
number” (introduced in [LLR | ) from the viewpoint of differential geometry. We 
shall generalize the results of Section 12 to hypersurfaces in Section [2 Finally, in 
Section |6l we introduce an intrinsic formulation of the geometry of fronts. 

Acknowledgements. The authors thank Shyuichi Izumiya, Go-o Ishikawa, Osamu 
Saeki, Osamu Kobayashi and Wayne Rossman for fruitful discussions and valuable 
comments. 


1. Singular curvature 

Let be an oriented 2-manifold and (A^^, g) an oriented Riemannian 3-manifold. 
The unit cotangent bundle TfN^ has the canonical contact structure and can 
be identified with the unit tangent bundle TiN^. A smooth map /: ^ 

is called a front if there exists a unit vector held v of N'^ along / such that 
L := {f^v)-. ^ TiN^ is a Legendrian immersion (which is also called an 

isotropic immersion), that is, the pull-back of the canonical contact form of TiN^ 
vanishes on M^. This condition is equivalent to the following orthogonality condi¬ 
tion: 

(1.1) gif,X,u)=0 (XeTM^), 

where /* is the differential map of /. The vector held v is called the unit normal 
vector of the front /. The first fundamental form ds"^ and the second fundamental 
form h of the front are dehned in the same way as for surfaces: 

( 1 . 2 ) ds'^{X,Y)-.= g{f,X,UY), h{X,Y)-.= -g{UX,DYy) {X,YgTM^), 

where D is the Levi-Civita connection of {N^,g). 
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We denote by fig the Riemannian volume element of {N^,g). Let /: 
be a front and v the unit normal vector of /, and set 

(1.3) dA ■= f*{L„gg) = gg{fujv,t^)du Adv ’ 

called the signed area form, where {u,v) is a local coordinate system of and 
ij/ is the interior product with respect to v G TN^. Suppose now that {u,v) is 
compatible to the orientation of Then the function 

(1-4) Mu,v) := gg{fujv,t^) 

is called the (local) signed area density function. We also set 

(1.5) dA := \fJ-g(fu, fv, v)\ du A dv = yjEG — F'^ du A dv = |A| du A dv 

{E ■■= g(fuJu),F:= g(fuJv),G:= g(fv,fv)), 

which is independent of the choice of orientation-compatible coordinate system 
(u,v) and is called the (absolute) area form of /. Let M+ (resp. M_) be the open 
submanifolds where the ratio (dA)/(dA) is positive (resp. negative). If (u,v) is a 
coordinate system compatible to the orientation of the point (u,v) belongs to 
M+ (resp. M_) if and only if X(u,v) > 0 (X(u,v) < 0), where A is the signed area 
density function. 

Definition 1.1. Let /: be a front. A point p G M'^ is called a singular 

point if / is not an immersion at p. We call the set of singular points of / the singular 
set and denote by E/ := {p G |p is a singular point of /}. A singular point p G 
E/ is called non-degenerate if the derivative dX of the signed area density function 
does not vanish at p. This condition does not depend on choice of coordinate 
systems. 

It is well-known that a front can be considered locally as a projection of a Leg- 
endrian immersion L: —> P(T*N^), where C/^ is a domain in and P(T*NA 
is the projective cotangent bundle. The canonical contact structure of the unit 
cotangent bundle TfN^ is the pull-back of that of P(T*N^). Since the contact 
structure on P(T*N^) does not depend on the Riemannian metric, the definition 
of front does not depend on the choice of the Riemannian metric g and is invariant 
under diffeomorphisms of N^. 

Definition 1.2. Let /: ^ be a front and TN^\m the restriction of the tan¬ 

gent bundle of to M^. The subbundle £ of rank 2 on that is perpendicular 
to the unit normal vector field of / is called the limiting tangent bundle with 
respect to /. 

There exists a canonical vector bundle homomorphism 

fj: TM^ 9 X I —> f.,X g£. 

The non-degenerateness in Definition 1 1.1 1 is also independent of the choice of g and 
can be described in terms of the limiting tangent bundle: 

Proposition 1.3. Let f:U—^ be a front defined on a domain U in R^ and £ 
the limiting tangent bundle. Let fi: (U]u,v) —>■ £* A£* be an arbitrary fixed nowhere 
vanishing section. Then a singular point p G is non-degenerate if and only if 
the derivative dh of the function h := fj,(ijj(d/du), ijj(d/dv)) does not vanish at p. 

Proof. Let po be the 2-form that is the restriction of the 2-form Lj^pg to where 
ijy denotes the interior product and pg is the volume element of g. Then pQ is a 
nowhere vanishing section on £* A £*, and the local signed area density function A 
is given by A = po('ip(d/du),tp(d/dv)). 
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On the other hand, let fi: {U\u,v) —> £* /\ £* be an arbitrary fixed nowhere 
vanishing section. Then there exists a smooth function t: U ^ R \ {0} such that 
fJL = T ■ (namely h = tA) and 

dh{p) = drip) ■ \{p) + t{p) ■ dX{p) = t{p) ■ dX{p), 

since X{p) = 0 for each singular point p. Then dh vanishes if and only if dX does as 
well. □ 


Remark 1.4. A C'^-map f : ^ is called a frontal if it is a projection of 

isotropic map L : ^ TfM^, that is, the pull-back of the canonical contact form 

of TiN^ by L vanishes on M^. The definition of non-degenerate singular points 
and the above lemma do not use the properties that L is an immersion. So they 
hold for any front als. 


Let p € be a non-degenerate singular point. Then by the implicit function 
theorem, the singular set near p consists of a regular curve in the domain of 
This curve is called the singular curve at p. We denote the singular curve by 

7:(-e,e)9ti— >-/{t) € (y(0)=p). 

For each t G (—e, e), there exists a 1-dimensional linear subspace of called 

the null direction, which is the kernel of the differential map /*. A non-zero vector 
belonging to the null direction is called a null vector. One can choose a smooth 
vector field rjit) along ^(t) such that rift) G is a null vector for each t, 

which is called a null vector field. The tangential 1-dimensional vector space of the 
singular curve '){£) is called the singular direction. 


Fact 1.5 (Criteria for cuspidal edges and swallowtails |KR,SUYj h Let p be a non¬ 
degenerate singular point of a front f, 7 the singular curve passing through p, and 
r] a null vector field along 7 . Then 

(a) p = 7 (^ 0 ) is a cuspidal edge {that is, f is locally dijfeomorphic to fc of 

0 in the introduction) if and only if the null direction and the singular 
direction are transversal, that is, detfj'{t),ri{t)) does not vanish at t = to, 
where det denotes the determinant of 2x2 matrices and where we identify 
the tangent space in with . 

(b) p = 7 (to) is a swallowtail {that is, f is locally diffeomorphic to fs of ([T]) 
in the introduction) if and only if 


det{'-f'{to),r]{to)) = 0 and 
hold. 


d 

dt 


det{'y'{t),Ti{t)) 0 

t=to 


For later computation, it is convenient to take a local coordinate system {u, v) 
centered at a given non-degenerate singular point p G as follows: 

• the coordinate system {u,v) is compatible with the orientation of M^, 

• the M-axis is the singular curve, and 

• there are no singular points other than the u-axis. 

We call such a coordinate system {u, v) an adapted coordinate system with respect 
to p. In these coordinates, the signed area density function X{u, v) vanishes on the 
M-axis. Since dX 0, A„ never vanishes on the u-axis. This implies that 

(1.6) the signed area density function A changes sign on singular curves, 

that is, the singular curve belongs to the boundary of M+ and M_. 

Now we suppose that a singular curve 7 (t) on consists of cuspidal edges. 
Then we can choose the null vector fields r]{t) such that {'j'{t),ri{t)) is a positively 
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oriented frame field along 7 . We then define the singular curvature function along 
7 (t) as follows: 

(1.7) Ks{t) := sgn(dA(? 7 )) --. 

Here, we denote | 7 '(t)| = g{j'{t),f{t)y^'^, 

(1.8) 7 (t) = /( 7 (i)), 7 '(i) = and j"{t) = Da'{t), 

where D is the Levi-Civita connection and /ig the volume element of {N^,g). 

We take an adapted coordinate system {u, v) and write the null vector field r]{t) 
as 

(1.9) ^ 

where a{t) and eft) are C'°°-functions. Since ( 7 ^, 77 ) is a positive frame, we have 
eft) > 0. Here, 

( 1 . 10 ) Au = 0 and A„ 7 ^ 0 (on the u-axis) 
hold, and then dXfqft)) = eft)Xy. In particular, we have 


( 1 . 11 ) 


sgn(dA( 77 )) = sgn(A„) 


+ 1 if the left-hand side of 7 is M+, 
— 1 if the left-hand side of 7 is M_. 


So we have the following expression: in an adapted coordinate system {u,v), 

/I 1 f \ /"x \ fum i^) 

(1.12) Ks{u) -.= sgn(A„)---, 

\Ju\ 

where /„„ = Dyfu and |/„| = 3 (/„,/„)^/^. 


Theorem 1.6 (Invariance of the singular curvature). The definition (11.71) of the 
singular curvature does not depend on the parameter t, nor the orientation of M'^, 
nor the choice of v, nor the orientation of the singular curve. 


Proof. If the orientation of reverses, then A and 77 both change sign. If i/ is 
changed to —n, so does A. If 7 changes orientation, both 7 ' and 77 change sign. In 
all cases, the sign of Ks is unchanged. □ 


Remark 1.7. We have the following expression 


Ks 


sgn(dA( 77 )) 




sgn(dA( 77 )) 


9{l\n) 

ItT 



Here, the vector product operation Xg in is defined by aXg 6 := *{aAb), under 

the identification TN^ 9 X <-> g{X, ) G T*N^, where * is the Hodge ^-operator. 
If 7 (t) is not a singular curve, n{t) is just the conormal vector of 7 . We call n{t) 
the limiting conormal vector^ and Kgft) can be considered as the limiting geodesic 
curvature of (regular) curves with the singular curve on their right-hand sides. 


Proposition 1.8 (Intrinsic formula for the singular curvature). Let p be a point 
of a cuspidal edge of a front f, and (it, v) an adapted coordinate system at p such 
that d/dv gives the null direction. Then the singular curvature is given by 


Ks{u) 


— FyEy -|- 2EFuy — E Eyy 

E^/^Xy 


where E = g{fu, fu), F = g{fu, fv),G = g{fv,fv), and where X is the signed area 
density function with respect to {u,v). 
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Proof. Fix V > 0 and denote by 7 ( 11 ) = {u,v) the u-curve. Then the unit vector 

1 


i(m) = 


^du^^dv 


y/E^jEG - 

gives the conormal vector such that (u),n{uf) is a positive frame. Let V be 
the Levi-Civita connection on {v > 0} with respect to the induced metric ds^ = 
Edvf + 2Fdudv + Gdv^, and s the arclength parameter of 7 ( 11 ). Then we have 


1 d 


^7'(s)7 (s) ^^d/du \ - jr. f)„ 


y/E du 


r?i d 


d 


E dv 


du 


where Ff^ is the Christoffel symbol given by 


11 — 


~FEu + 2EFu — EEy 

2{EG - F2) 


Since = EG — and g{fu, n) = 0, the geodesic curvature of 7 is given by 

^2 
11 


^ VEG-F^Tl 

-g=9(yy{s),l [s),ri{s)) = - 


~FEu + 2EFu — EEy 


|A|F3/2 

Hence, by Remark If .71 the singular curve of the u-axis is 

— FEy, + 2EF,, — EEy 


Kg = sgn(A„) lim Kg = sgn(A„) lim 


|A|F3/2 

0. Moreover, we have 


It is clear that all of A, F and Fy tend to zero as v 

Ey = 2g{Dyfy, fy) = 2g{Dyfy, fy) = 2-^g{fyJy) - 2g{fy, Dyfy) ^ 0 

as ^ 0, and the right differential |A|.i, is equal to |A^| since A(m, 0) = 0. By 
L’Hospital’s rule, we have 

— FyEy + 2EFyy — EEy —FyEy + 2EFyy — EEy 


which is the desired conclusion. 


A„F3/2 


□ 


Example 1.9 (Cuspidal parabolas). Define a map / from to the Euclidean 3- 
space {R^,go) as 

(1.13) f{u,v) = {au^+v‘^,bv'^ + v^,u) {a,b£R). 

Then we have /„ = {2au, 0,1), fy = {2v, 2bv + 3v^, 0). This implies that the w-axis 
is the singular curve, and the u-direction is the null direction. The unit normal 
vector and the signed area density A = ggoifm fv, v) are given by 


(1.14) = - (—3u — 2&, 2, 2ait(3'y + 2&)), X = v6, 

where S = y^4 + (1 + 4a2M2)(462 + I2bv + 9v‘^). 


In particular, since dv[d/dv) = 0 on the rt-axis, (/, v ): R^ R? x = TiR? 

is an immersion, i.e. / is a front, and each point of the u-axis is a cuspidal edge. 
The singular curvature is given by 


(1.15) 


Ks{u) 


2a 

(1 + 4a2u2)3/2.^x _|_ 52 ^ 2 . + 4a2it2) 


When a > 0 (resp. a < 0), that is, the singular curvature is positive (resp. negative), 
we shall call / a cuspidal elliptic (resp. hyperbolic) parabola since the figure looks 
like a elliptic (resp. hyperbolic) parabola, as seen in Figure [T] in the introduction. 


Definition 1.10 (Peaks). A singular point p G (which is not a cuspidal edge) is 
called a peak if there exists a coordinate neighborhood (17; u, v) of p such that 
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Figure 2. A double swallowtail (Example 1 1.1 111 . 


(1) there are no singular points other than cuspidal edges on U \ {p}, 

(2) the rank of the derivative /*: TpM"^ Tf^^p'jN^ at p is equal to 1, and 

(3) The singular set of U consists of finitely many regular -curves starting 
at p. The number 2m{p) of these curves is called the number of cuspidal 
edges starting at p. 

If a peak is a non-degenerate singular point, it is called a non-degenerate peak. 


Swallowtails are examples of non-degenerate peaks. A front which admits cus¬ 
pidal edges and peaks is called a front which admits at most peaks. There are 
degenerate singular points which are not peaks. Typical examples are cone-like 
singularities which appear in rotationally symmetric surfaces in of positive con¬ 
stant Gaussian curvature. However, since generic fronts (in the local sense) have 
only cuspidal edges and swallowtails, the set of fronts which admits at most peaks 
covers a sufficiently wide class of fronts. 

Example 1.11 (A double swallowtail). Define a map /: ^ R? as 

/(m, v) := {2u^ — uv^, — u^v^, v). 


Then 




(—2u, 1, —2u'^v) 


is the unit normal vector to /. The pull-back of the canonical metric of TiR^ = 
R? X S'^ by (/, v ): R? R? x S'^ is positive definite. Hence f is a front. The 
signed area density function is A = — 6u^)a/1 -I- u^u^), and then the 

singular set is E/ = {u = -v/hit} U {u = —VEu}. In particular, dA = 0 at (0,0). The 
first fundamental form of / is expressed as ds^ = dv^ at the origin, which is of rank 
one. Hence the origin is a degenerate peak (see Figure [ 5 ]). 


To analyze the behavior of the singular curvature near a peak, we prepare the 
following proposition. 

Proposition 1.12 (Boundedness of the singular curvature measure). Let f: ^ 

{N^,g) be a front with a peakp. Take 7: [0,e) —> a singular curve of f starting 
from the singular point p. Then ')(€) is a cuspidal edge for t > 0, and the singular 
curvature measure Hgds is continuous on [0,e), where ds is the arclength-measure. 
In particular, the limiting tangent vector lim7^(t)/|7^(t)| exists, where 7 = / 07. 

Proof. Let be the first fundamental form of /. Since p is a peak, the rank 
ds^ is 1 at p and then one of the eigenvalues is 0 and the other is not. Hence the 
eigenvalues of ds^ are of multiplicity one on a neighborhood of p. Hence one can 
choose a local coordinate system (it, v) around p such that each coordinate curve is 
tangent to an eigendirection of ds^. In particular, we can choose {u,v) such that 
d/dv is the null vector field on 7. In such a coordinate system, /« = 0 and Dtfv = 0 
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hold on 7. Then the derivatives of 7 = / o 7 are 


7' = u'fu, Dtj' = u" fu + u'Dtfu 



where "/(t) 
(1.16) 
where |Xp 


[u{t),v{t)y Hence 

|7'I^ \n’\\fu\^ ’ 

g{X,X) for X € TN^. Since ds = |7'| dt = |u'| \fu\ dt and fu 7^ 0, 


is bounded. 


i ds = ± 


d'gifuj Dtfm 

\fj^ 


dt 


□ 


To analyze the behavior of the singular curvature near a non-degenerate peak, 
we give another expression of the singular curvature measure: 

Proposition 1.13. Let {u,v) be an adapted coordinate system of M^. Suppose 
that (u, v) = (0, 0) is a non-degenerate peak. Then the singular curvature measure 
has the expression 

(1.17) Ks{u)ds = sgn(A„) du, 

\fv\ 

where ds is the arclength-measure and fuv '■= Dufv = Dyfu- In particular, the 
singular curvature measure is smooth along the singular curve. 

Proof. We can take the null direction rjiu) = a{u){d/du) e{u){d/dv) as in (11.91) . 
Since the peak is not a cuspidal edge, 77(6) must be proportional to In particular, 
we can multiply r](u) by a non-vanishing function and may assume that a{u) = 1. 
Then fu e{u)fu = 0 and by differentiation we have -|- e„/„ -|- efuv = 0, that is, 

fu - ^fvt fuu - ^ufv ^fuv- 

Substituting them into (11.12(1 . we have p.l7() using the relation ds = |7'|dt = 

\fu\dt. □ 


Corollary 1.14 (Behavior of the singular curvature near a non-degenerate peak). 
At a non-degenerate peak, the singular curvature diverges to — 00 . 


Proof. We take an adapted coordinate (u, v) centered at the peak. Then 

/ \ \ \Tg{fvT fuv^l^) 

“■<“> = |eWi|/„|3 ■ 

On the other hand, 

l^gifv: fuv^ ^') — h'gifv: fu^ ^')v h’gifvv: fui I^) — ( A)^ pgifvv: fu^ ^')- 

Since /u(0,0) = 0 we have 


sgn(A„) 


h-gifvj fuvi 


\fv 


|A.(0,0)| 
i,?))=(o,o) l/ij(0)0)P 


< 0 . 


Since e{u) —> 0 as m —> 0, we have the assertion. 


□ 


Example 1.15 (The discriminant set of -I- zs'^ -\- ys -\- x). The typical example of 
peaks is a swallowtail. We shall compute the singular curvature of the swallowtail 
f{u,v) = -\-u^v,Au^-\-2uv,v) at {u,v) = (0,0) given in the introduction, which 

is the discriminant set {{x,y,z) € ; F{x,y,z,s) = Fs{x,y,z,s) = 0 for s G R} 

of the polynomial F := s^ -\- zs^ -\-ys-\-x in s. Since fu>^ fv = 2(6it^ -|-7i)(l, —u, u^), 
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the singular curve is 7 (t) = (t, —6t^) and the unit normal vector is given \sy v = 
(1, —M, v?)l\/\ -\-u^ + u^. We have 

_ _ Vl + 

^ |f|3 6|t|(l + 4t2 + t4)3/2’ 

which shows the singular curvature tends to — oo when t —> 0 . 

Definition 1.16 (Null curves). Let /: be a front. A regular curve a{t) 

in is called a null curve of / if is a null vector at each singular point. 
In fact, a{t) = f{cr{tfij looks like the curve (virtually) transversal to the cuspidal 
edge, in spite of a' = 0, and Dt&' gives the “tangential” direction of the surface at 
the singular point. 


Theorem 1.17 (A geometric meaning for the singular curvature). Let p be a 
cuspidal edge, 'y{t) a singular curve parametrized by the arclength t with 7 ( 0 ) = p, 
and cr(s) a null curve passing through p = (t(0). Then the sign of 


g(o-(0),7"(0)) 

coincides with that of the singular curvature at p, where a = f{cF), 7 = f(pf), 


da 
ds ’ 




a = D,A 


/ da 
\ ds 


and fi" = Dt 


Proof. We can take an adapted coordinate system {u,v) around p such that rj := 
d/dv is a null vector field on the w-axis. Then /„ = /*77 vanishes on the u-axis, 
and it holds that := Dyfu = D^fy = 0 on the it-axis. Since the u-axis is 
parametrized by the arclength, we have 

(1.18) gifuuAu) =0 on the rt-axis (/„„ = £>„/„). 

Now let a{s) = [u{s),v{s)) be a null curve such that cr(0) = (0,0). Since ^(O) 
is a null vector, 11(0) = 0, where ' = d/ds. Moreover, since /„(0,0) = 0 and 
fuvi.0,0) = 0, we have 

( 7 ( 0 ) Ds{ufU ^fv) ^fu ^fv “t 'd Dyfy ‘ZiiVDyfy “t" V Dyfy 

= ilfu+ifiDyfy = Ufu{0,0) +Afyy{0,0), 

and by (I1.18I1 . 

g(d(0)),f'(0)) = g{fuui0, 0), ilfu + AfyyiO, 0)) = AgifuuiO, 0), fyy{0, O)). 
Now we can write fyy = afy + b{fy Xg v) + where a,b,c G R. Then 
c = g{fvv,A = gifv, v)v - g{fv, Vy) = o, 

d — g{fvvj fu A ~ gifvi fu ~ 

where we apply the scalar triple product formula g{X,Y Xg Z) = pg{X,Y, Z) for 
X,Y,Z GTf(^Q,o)N^. Thus 

y ((j(0), 7 (0)) = V g(^fuu^ ^fu A{fu A^ ~ ^ gifum fu ^ g A 

= ifiXy PgA' A” lA = Ks(0). 

This proves the assertion. □ 


In the case of fronts in the Euclidean 3-space R? = {R^,go), positively curved 
cuspidal edges and negatively curved cuspidal edges look like cuspidal elliptic parabola 
or hyperbolic parabola (see Examole ll.Ol and Figure[T]), respectively. More precisely, 
we have the following: 
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Figure 3. The principal half-spaces of cuspidal edges. 

Corollary 1.18. Let f: {R^,go) be a front, p € a cuspidal edge point 

and 7 a singular curve with 7 ( 0 ) = p. Let T be the rectifying plane of the singular 
curve 7 = / o 7 at p, that is, the plane perpendicular to the principal normal vector 
0 / 7 . When the singular curvature at p is positive {resp. negative), every null curve 
a{s) passing through cr( 0 ) = p lies on the same side D+ (resp. the opposite side 
D-) of the principal normal vector of ^ at p for sufficiently small s. Moreover, if 
the singular curvature is positive, the image of the neighborhood of p itself lies in 
11+ (see Figures[I\and\^. 

Definition 1.19. The half-space in Corollary [TT8] bounded by the rectifying plane of 
the singular curve and in which the null curves lie is called the principal half-space 
at the cuspidal edge. The surface lies mostly in this half-space. When the singular 
curvature is positive, the surface is locally inside the principal half-space. 

Proof of Corollarv M.ltA Let {u,v) be the same coordinate system at p as in the 
proof of Proposition 11.171 and assume /(0,0) = 0. Since N'^ = R?, with /„„ = 
d’^fjduf etc., we have the following Taylor expansion: 

(1.19) f(u,v) = /„(0,0) -f i(/«u(0, 0 ) 11 ^ -b fvv{0,0)v‘^) -b o(u^ -b v^). 

Here, u is the arclength parameter of 7 ( 11 ) = f{u,0). Then go{fu,fuu) = 0 holds 
on the M-axis. Thus 

9o{fiu,v)Juu{0,0)) = ^w^|/«ti( 0 , 0 )p -b iii^ 5 o(/™( 0 , 0 ),/„u( 0 , 0 )) -b o(m^ -bi;^). 

If the singular curvature is positive. Theorem 11.171 implies go{f{u, v), fuu{0, 0)) > 0 
on a neighborhood of p. Since fuu{0, 0) is the principal curvature vector of 7 at p, 
f{u, v) lies in the same side of T as the principal normal. 

Next we suppose that the singular curvature is negative at p. We can choose 
a coordinate system in which the null curve is written as <y{v) = (0,?;). Then by 
(11.191) and Theorem 1 1.1 71 

5 o(/(0,u),/u„(0,0)) = v'^go{fvvi0,0),fuui0,0)) + o{v^) < 0 

for sufficiently small v. Hence we have the conclusion. □ 

Example 1.20 (Fronts with Chebyshev net). A front /: R^ is said to be of 

eonstant Gaussian eurvature —1 if the set W = M^\ S/ of regular points are dense 
in and / has constant Gaussian curvature —1 on W. Then / is a projection of 
the Legendrian immersion Lf: -s- TiR^, and the pull-back da^ = |d/p -b |(iup 

of the Sasakian metric on TiR^ by L/ is flat. Thus for each p G M^, there exists a 
coordinate neighborhood {U;u,v) such that da^ = 2{du^ -\-dv‘^). The two different 
families of asymptotic curves on W are all geodesics of dcr^, giving two foliations 
of W. Moreover, they are mutually orthogonal with respect to da^. Then one can 
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choose the u-curves and u-curves to all be asymptotic curves onW r\U. For such 
a coordinate system (u,v), the first and second fundamental forms are 

(1.20) ds^ = du^ + 2cos9 dudv + dv^, h = 2sm9dudv, 


where 9 = 9(u, v) is the angle between the two asymptotic curves. The coordinate 
system (u, v) as in (|1.20p is called the asymptotic Chebyshev net around p. The 
sine-Gordon equation 9uv = sin0 is the integrability condition of (11.201) . that is, if 
9 satisfies the sine-Gordon equation, then there exists a corresponding front / = 
f{u,v). 

For such a front, we can choose the unit normal vector v such that fuXfv = sin 9 v 
holds, that is, A = sin0. The singular sets are characterized by 0 € ttZ. We write 
e = = ±1 at a singular point. A given singular point is non-degenerate if and 

only if d9 ^ 0. Moreover, the cuspidal edges are characterized by 0„ — ^ 0, and 

the swallowtails are characterized by 9u -f 0, 0„ — = 0 and 9uu + 0. 

By a straightforward calculation applying ProDOsition ll.81 we have 


9u9v 


(e 



Recently Ishikawa-Machida [IM] showed that the generic singularities of such fronts 
are cuspidal edges or swallowtails, as an application of Fact 11.51 


2. The Gauss-Bonnet theorem 

In this section, we shall generalize the two types of Gauss-Bonnet formulas men¬ 
tioned in the introduction to compact fronts which admit at most peaks. 

Proposition 2.1. Let f: ^ {N^,g) be a front, and K the Gaussian curvature 

of f which is defined on the set of regular points of f. Then K dA can be contin¬ 
uously extended as a globally defined 2-form on where dA is the signed area 
form as in dni). 

Proof. Let (u, v) be a local coordinate system compatible to the orientation of IVP, 
and S = (Sj) the (matrix representation of) the shape operator of / which is defined 
on the set of regular points \ S/. That is, the Weingarten equation holds: 

— S\fu ^\fv-i — S2fu where Vu — Uy — DyU. 

Since the extrinsic curvature is defined as AText = det S, we have 

l^giPu^ ^vt u) — (det S) P'gi^fm fvi u) — A^ext A, 

where A is the signed area density. Thus, 

AText dA = AText Xdu A dv = p-gi^u, Vy, v) du A dv 

is a well-defined smooth 2-form on M^. 

By the Gauss equation, the Gaussian curvature K satisfies 

(2.1) AT = Cjvs + AText, 

where Cjv3 is the sectional curvature of {N^,g) with respect to the tangent plane. 
Since f^TpM'^ C is the orthogonal complement of the normal vector u(p)^, 

the tangent plane is well-defined on all of . Thus Cjya is a smooth function, and 

AT dA = cjv3 dA -\- AText dA 


is a smooth 2-form defined on M^. 


□ 
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Figure 4. A negative swallowtail. 


Remark 2.2. On the other hand, 

KdA=\ <“"+>■ 

\-KdA (onM_) 

is bounded, and extends continuously to the closure of M+ and also to the closure 
of M_. (However, K dA cannot be extended continuously to all of M^.) 

Now we suppose that is compact and /: is a front which admits 

at most peak singularities. Then the singular set coincides with dM+ = 9M_, and 
9M+ and 9M_ are piecewise C^-differentiable because all singularities are at most 
peaks, and the limiting tangent vector of each singular curve starting at a peak 
exists by Proposition [TTT21 

For a given peak p, let Qf+(p) (resp. a_(p)) be the sum of all the interior angles 
of f{M+) (resp. f{M-)) at p. Then by definition, we have 

(2.2) a+(p) + ct-{p) = 27r. 

Moreover, since the rank of /* is one at p, we have (see [SUYj l 

(2.3) a+(p), a_(p) € {0,7r,27r}. 

For example, a+(jp) = a-(p) = tt when p is a cuspidal edge. If p is a swallowtail, 
a+(p) = 2?! or a_(p) = 2?!. If a+(p) = 27r, p is called a positive swallowtail, and is 
called a negative swallowtail if a-(p) = 27r (see Figure 0]). Since K dA, K dA and 
Ks ds are all bounded, we get two Gauss-Bonnet formulas as follows: 


Theorem 2.3 (Gauss-Bonnet formulas for compact fronts). Let be a com¬ 
pact oriented 2-manifold and f: ^ {N^,g) a front which admits at most peak 

singularities, and Sj the singular set of f. Then 


(2.4) 


KdA + 2 


Kg ds = 2 ttx{M'^), 


(2.5) f KdA- (a+(p) - a-{p)) = 2tt{x{M+) - x(M_)) 

^ p:peak 

hold, where ds is the arclength measure on the singular set. 


Remark 2.4. The integral K dA is 2?! times the Euler number Xs of limiting 
tangent bundle £ (see (16.311 in Section [6]). When = B?, Xf/2 is equal to the 
degree of the Gauss map. 


Remark 2.5. These formulas are generalizations of the two Gauss-Bonnet formulas 
in the introduction. If the surface is regular, the limiting tangent bundle £ coincides 
with the tangent bundle, and the two Gauss-Bonnet formulas are the same. 

Proof of Theorem \2.A Although 9A/+ and are the same set, their orientations 
are opposite. The singular curvature Kg does not depend on the orientation of the 
singular curve and coincides with the limit of the geodesic curvature if we take the 
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conormal vector in the positive direction with respect to the velocity vector of the 
singular curve. Thus we have 


( 2 . 6 ) 


I ds 


:ds = 2 


Kg ds. 


JdM+ JdM- JSy 

Then by the classical Gauss-Bonnet theorem, we have 


27rx(M+) = 

/ KdA + 

/ Kgds+ ^ (7rm(p) - a+(p)). 


7 m + 

p:peak 

27rx(A/_) = 

[ KdA + 

/ Ksds+ (7rm(p) - a_(p)) 


Jm- 

p:peak 


where 2m(p) is the number of cuspidal edges starting at p (see Definition 1 1.1 OH . 
Hence by (12.61) . 


2'kx{M‘^) = f K dA + 2 f Kgds, 

27r(x(M+) - x(M_)) = f KdA- ^ (a+(p) - a_(p)), 


p:peak 


where we used (|0) and ^(M^) = x{M+) + x(M_) - Y.p-.pea.ki'^iP) “ l)- 


We shall now define the completeness of fronts and give Gauss-Bonnet formulas 
for non-compact fronts: As defined in |KUY2| . a front /: is called 

complete if the singular set is compact and there exists a symmetric tensor T with 
compact support such that ds^ -\- T gives a complete Riemannian metric on 
where is the first fundamental form of /. On the other hand, as defined in 
[KRSUY] ■ a front /: D/P —> is called weakly complete if the pull-back of the 
Sasakian metric of TiN^ by the Legendrian lift Lf. ^ TiN^ is complete. 
Gompleteness implies weak completeness. 

Let /: be a complete front with finite absolute total curvature. Then 

there exists a compact 2-manifold M without boundary and finitely many points 
pi,...,Pk such that M'^ is diffeomorphic to M \ {pi,... ,pfc}. We call the pds 
the ends of the front /. According to Theorem A of Shiohama [S], we define the 
limiting area growth order 


(2.7) 


a{Pi) 


Area(Ho(r) n AA 

hm - 7 ^^-—- 

r^oo Area(i3ji2(r) n Ei) 


where Ei is the punctured neighborhood of pi in D/I 


Theorem 2.6 (Gauss-Bonnet formulas for complete fronts). Let f: D/l"^ —> {N^,g) 
be a complete front with finite absolute total curvature, which has at most peak 
singularities, and write D/I'^ = DL \ {pi,... ,pfc}. Then 


( 2 . 8 ) 

(2.9) 


KdA + 2 


I 



k 

/ts ds + ^ a{pi) = 27rx(M^), 



k 

- a-{p)) + '^e{pi)a{p^) = 2 tt{x{M+) - x{M_)) 

i=l 


hold, where e{pi) = 1 (resp. e{pi) = —1) if the neighborhood Ei of pi is contained 
in DT+ (resp. DA-). 
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Example 2.7 (Pseudosphere). Define f ■. P? ^ as 

f{x, y) := (sechcc cosy, secha: siny, x — tanha:). 

If we set V := (tanha; cosy, tanha: siny,secha;), then v is the unit normal vector 
and / is a front whose singular set {a: = 0} consists of cuspidal edges. The Gaussian 
curvature of / is —1, and the coordinate system (u, v) defined as a: = u — v, y = u+v 
is the asymptotic Chebyshev net (see Example II.20|) with 9 = 4arctanexp(tt — v). 
Since f{x,y + 27r) = f{x,y), f induces a smooth map /i from the cylinder 
/{(O, 27rm ); m G Z} into R^. The front /i: > R^ has two ends pi, 

P 2 with growth order a(j)j) = 0. Hence by Theorem 12.61 we have 


2 / Ksds = Area(M^) = Stt. 


In fact, the singular curvature is positive. 


Example 2.8 (Kuen’s surface). The smooth map /: R^ 


R^ 


defined as 


f{x,y) 


1 

1 + 2(1 + 2y2)e2^ + 


( 4e^ (1 + e^^) (cosy+ y siny) \ 
4e^(l + e^^)(siny + y cosy) 

2 + 2 a;(l + 2y^)e^^ + (x - 2)e^^J 


is called Kuen’s surface, which is considered as a weakly complete front with the 
unit normal vector 


v{x,y) 


1 

1 + 2(1 + 2y2)e2“ + 


/Se^^y cosy — (1 + 2(1 — 2 y^)e^'^ + e'^“) siny\ 

I Se^'^y sin y + (1 + 2(1 — 2 y^)e^^ + e"^^) cos y j , 
\ 4e^(l-e2^)y j 


and has Gaussian curvature —1. The coordinate system (u, v) such that x = u — v 
and y = u + v is the asymptotic Ghebyshev net with 9 = —4arctan(2ye'“/(l + e^'^)). 
Since the singular set S/ = {y = 0} n {y = ± cosh a;} is non-compact, / is not 
complete. 


Example 2.9 (Cones). Define /: R? \ {(0,0)} ^ R? as 


f{x,y) = (log r cos 0 , log r sin 0 , a log r) {x,y) = (rcos 0 ,rsin 0 ), 

where a 0 is a constant. Then / is a front with v = (acost, asint, -f a^. 

The singular set is E/ = {r = 1}, which corresponds to the single point (0, 0, 0) S 
R?. That is, all points in Sj are degenerate singular points. The image of the 
singular points is a cone of angle /r = 27r/vT+^ and the area growth order of the 
two ends are l/Vl -|- a^. Theorem l2.6l cannot be applied to this example because the 
singularities degenerate. However, this example suggests that it might be natural 
to define the “singular curvature measure” at a cone-like singularity as the cone 
angle. 


3. Behavior of the Gaussian curvature 

Firstly, we shall prove the following assertion, which says that the shape of 
singular points is very restricted when the Gaussian curvature is bounded. 

Theorem 3.1. Let f: ^ {N^,g) be a front, p G a singular point, and 

7 (t) a singular curve consisting of non-degenerate singular points with 7 ( 6 ) = p 
defined on an open interval I G R. Then the Gaussian curvature K is hounded on 
a sufficiently small neighborhood of"f{I) if and only if the second fundamental form 
vanishes on 'y(I). 

Moreover, if the extrinsic curvature it'ext (he. the product of the principal cur¬ 
vatures) is non-negative on U\j{I) for a neighborhood ofU ofp, then the singular 
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curvature is non-positive. Furthermore, if i^ext is bounded below by a positive con¬ 
stant on U \ 7 (/) then the singular curvature at p takes a strictly negative value. 

In particular, when {N^,g) = {R^,gQ), the singular curvature is non-positive if 
the Gaussian curvature K is non-negative near the singular set. 

Proof of the first part of Theorem \3.1\ We shall now prove the first part of the the¬ 
orem. Take an adapted coordinate system (it, v) such that the singular point p 
corresponds to (0,0), and write the second fundamental form of / as 

(3.1) h = Ldu^+ 2Mdudv + Ndv^ f L=-gif^Vu), N =-g{f,, v,,) 

\ M=-g{f.„,Vu) =-g{fu,Vv) 

Since fu and /„ are linearly dependent on the u-axis, LN — (M)^ vanishes on the u- 
axis as well as the area density function A(it, v). Then by the Malgrange preparation 
theorem (see page 91]), there exist smooth functions <f{u, v), iflpi, v) such that 

(3.2) \{u,v) = vg){u,v) and LN — = vij)[u,v). 

Since (|1.10|1 . yf 0 holds. Hence ip{u,v) yf 0 on a neighborhood of the origin. 

Firstly, we consider the case p is a cuspidal edge point. Then we can choose 
{u,v) so that d/dv gives the null direction. Since /« = 0 holds on the it-axis, we 
have M = N = 0. By (12.111 and (13.2L we have K = C]\j3 -\- ijj{u,v)/{v<p{u,v)'^). 
Thus the Gaussian curvature is bounded if and only if 

L{u, Q)Nv{u, 0) = {LN - (M)2) = f,{u, 0) = 0 

holds on the it-axis. To prove the assertion, it is sufficient to show that Ny{0, 0) yf 0. 
Since At, = fJ,g{fu, fw, v) yf 0, {/„, /„„, v} is linearly independent. Here, we have 

2g(i/„,i/) = 5 (z/, i/)„ = 0 and ^(zyt,,/„)|^^o =-M = 0. 

Thus Vy = 0 if and only if g{vv,fvv) = 0. On the other hand, i'„(0, 0) yf 0 holds, 
since / is a front and fv = 0- Thus we have 

(3.3) Ny{0, 0) = g{fy, Vy)y = g{Vy, fyy) 0. 

Hence the first part of Theorem 13.II is proved for cuspidal edges. 

Next we consider the case that p is not a cuspidal edge point. Under the same 
notation as in the previous case, fu{0, 0) = 0 holds because p is not a cuspidal edge. 
Then we have M(0,0) = T(0, 0) = 0, and thus the Gaussian curvature is bounded 
if and only if 

Ly{u,0)N{u,0) = {LN-{Mf)X^o = V'(«,0) = 0 

holds on the u-axis. Thus, to prove the assertion, it is sufficient to show that 
L„(0,0) y^ 0. Since A.„ = pLg{fuv, fv,v) does not vanish, {fuv,fv,v} is linearly 
independent. On the other hand, z/„(0, 0) yf 0, because / is a front and /^(0,0) = 0. 
Since g{v, v)y = 0 and ^(t'u, fy) = —M = 0, we have 

(3.4) T„(0,0) = g{vu,fv.)v = g{vu,fuv) y^ 0. 

Hence the first part of the theorem is proved. □ 

Before proving the second part of Theorem l3.ll we prepare the following lemma: 

Lemma 3.2 (Existence of special adapted coordinates along cuspidal edges). Let 
p be a cuspidal edge of a front f: > {N^,g). Then there exists an adapted 

coordinate system {u, v) satisfying the following properties'. 

(1) fu) = 1 on the u-axis, 

(2) fy vanishes on the u-axis, 

(3) A„ = 1 holds on the u-axis, 

(4) g{fyy,fu) vanishes on the u-axis, and 

(5) {fm fvv,v} is a positively oriented orthonormal basis along the u-axis. 
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We shall call such a coordinate system (u, v) a special adapted coordinate system. 


Proof of Lemma \d.2[ One can easily take an adapted coordinate system (u, v) at p 
satisfying [(T)]and[(^ Since ^ 0 on the it-axis, we can choose (u, v) as A„ > 0 
on the M-axis. In this case, r := '/Xf is a smooth function on a neighborhood of p. 
Now we set 

Ml = M, V\ = \J A„(m, 0) V. 

Then the Jacobian matrix is given by 


d{ui,vi) 
d{u,v) 


1 0 
r'{u) r{u) 


( 1 

0 \ 


^ ] 

r{u)) 


where r{u) := yXf, (m,0). 


l) =(/.,/.)(J !_)■ 

»'(“)/ v =0 ^ 


Thus we have 

{fun fvi)\y~Q = {fm fv) I r'(u 


This implies that f^ = fu and fvi = 0 on the w-axis. Thus the new coordinates 
(mi, Ml) satisfy [(I)] and (2) The signed area density function with respect to (ui, ui) 
is given by Ai := p,g{fui, fvn v)- Since = 0 on the u-axis, we have 

(3-5) (Ai)t,^ .= iig{fui, Dvifvij 

On the other hand, we have 


(3.6) 


fvr = 


fv 


and Dvifvi — 


Dyfv 


fvv 


fvv 

Xy 


, , ^ViJVi / \ 

r{u) r[u) r^ 

on the Mi-axis. By ()3.5I1 and (I3.6I1 . we have (Ai)i,j = Xy/Xy = 1 and have shown 
that (mi,i;i) satisfies (1)[ (2) and |(3)| 

Next, we set 

U2 '■= Ui + vl s{ui), V2'=Vi, 

where s{ui) is a smooth function in mi. Then we have 


d{u2,V2) 

d{ui,vi) 


1 + Uis' 2 mis(mi) 
0 1 


and 


d{ui,vi) 


d{u2,V2) 


1 


-wi^O 


1 + Mos' yd 


1 —2uis(m2)\ 


l+vh' ) 


V2—0 


1 0 
0 1 


Thus the new coordinates (u 2 ,V 2 ) satisfy m and m On the other hand, the area 
density function A 2 := Mg(/« 2 J fv 2 j satisfies 

(A2)i;2 — t^g{fu2T fv2T^)v2 “ Mg (/ti2 J /t'2 I ^) ■ 

We have on the U 2 -axis that fu 2 = fui and 

—2uis 


(3.7) 

(3.8) 


fv2 = 


1 + V^S 


, ful + fvi 

-2s 


9{Dv2fv2) - Dy^fy^ - „ , /«1 P dXy^fyj^. 

I + vfs' 


Thus one can easily check that (A 2)«2 = 1 on the u-axis. By (13.8|) . we have 
g{fu 2 ,DyJy.^) = -2s + gifunDyJy^). Hence, if we set 

■s(^^i) := ^9{fuAui,0),{DvJvi){ui,0)), 

then the coordinate ( 112 , 112 ) satisfies (1)[ (2) (3) and |(4)[ Since 9 {{fv 2 )v 2 y^) = 
~9{fv2iVv2) = Oj /i; 2«2 (^ 2 , 0) is perpendicular to both v and fu 2 - Moreover, we 
have on the M 2 -axis 

1 ~ (A2)t;2 “ Mg {fu 2 J fv 2 1 ^)v 2 ~ Mg(/'ll2 1 ^V 2 f V 2 I ^) “ 5 (^1)2 f V 2 ^ /«2 ^ 3 ^) J 
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and can conclude that Dy^fv^ is a unit vector. Thus ( 1 x 2 , 112 ) satisfies [Ml □ 

Using the existence of the special adapted coordinate system, we shall show the 
second part of the theorem. 

Proof of the second part of Theorem \S.l[ We suppose K > Cjya, where 0^43 is the 
sectional curvature of {N^,g) with respect to the tangent plane. Then by (j2.1ll . 
Kext > 0 holds. 

If a given non-degenerate singular point p is not a cuspidal edge, the singular 
curvature is negative by Corollary 11.141 Hence it is sufficient to consider the case 
that p is a cuspidal edge. So we may take a special adapted coordinate system as 
in Lemma [Hm We take smooth functions (p and tf as in 

Since K is bounded, tp{u, 0) = 0 holds, as seen in the proof of the first part. By 
the Malgrange preparation theorem again, we may put LN — M'^ = v), and 

have the expression iLext = i/^i/p^- Since K^xt > 0, we have i/’i(m, 0) > 0. Moreover, 
if i^ext > i5 > 0 on a neighborhood of p, then 0) > 0. Since L = M = N = 0 
on the it-axis, we have 

(3.9) 0 < 2l/-l(lX,0) = {LN-{Mf)^^ = LyNy - {Myf < LyNy. 

Here, {fu, fw: is an orthonormal basis, and g{fuu^ fu) = 0 and L = g{fvv: = 0 
on the li-axis. Hence 


fuu — gifuu: fvv)fvv g{fuu: — gifuu-) fvv)fvv- 

Similarly, since 2g{uy^ u) = g{i'^ iy)y = 0 and gih'v^ fu) = = 0, we have 

- g{,^V ^ fvv) fvv ■ 

Since = 1 > 0 and \fu\ = 1, the singular curvature is given by 


(3.10) Kg — ggifu-) fuui — gifuu-) fvv)g‘gifu-) fuvi — gifuu-) fvv) 


gifuu-) ^v) 
gifvv ■) ^v) 


On the other hand, we have on the u-axis that 

Ly - gifu-) ^u)v - gifuV) ^u) “ 1 “ gifu) ^uv) - gifu-) ^uv)-i 

because gifuv)'^^u)\v^o = —-^Li('a,0) = 0. Moreover, we have 

^UV DyDyl/ DyDyU H" R^yfy^ fu)^ DuDyU ^ VU 

since fy = 0, where R is the Riemannian curvature tensor of Thus, 

Ly - gifu-) ^uv) - gifu-} ^v)u T gifuU) ^v) - ^U T gifuu-j ^v) - gifuu-} ^v) 


holds. Since we have on the li-axis that 


— gifv) ^v)v — gifvv-) ^v) T gifv) ^w) — gifw-) ^v)-} 
f|3.10|) and (|3.9p imply that 


Ly 


Ny N?. 


< 0 . 


If i^ext > ^ > 0, dSll) becomes 0 < LyNy, and we have Kg < 0. 


□ 


Remark 3.3. Let /: be a compact front with positive Gaussian curva¬ 

ture. For example, parallel surfaces of compact immersed constant mean curvature 
surfaces (e.g. Wente tori) give such examples. In this case, we have the following 
opposite of the Cohn-Vossen inequality by Theorem l2.3l 

/ KdA > 2Trx{M^). 

J 

On the other hand, the total curvature of a compact 2-dimensional Alexandrov 
space is bounded from above by 277% (A/^) (see Machigashira |Mac | ). This implies 
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that a front with positive curvature cannot be a limit of Riemannian 2-manifolds 
with Gaussian curvature bounded below by a constant. We can give another expla¬ 
nation of this phenomenon as follows: Since K > 0, we have Ks < 0 and the shape 
of the surfaces looks like cuspidal hyperbolic parabola. So if the front is a limit of 
the sequence of immersions /„, the curvature of /„ must converge to — oo. 

Example 3.4 (Fronts of constant positive Gaussian curvature). Let /q: 
be an immersion of constant mean curvature 1 and v the unit normal vector of /q. 
Then the parallel surface f := fo — v gives a front of constant Gaussian curvature 
1. If we take isothermal principal curvature coordinates {u,v) on with respect 
to /o, the first and second fundamental forms of / are given by 

ds^ = dz^ -I- 2 cosh 9 dzdz -I- dz^ h = 2 sinh 9 dzdz, 

where z = u + iv and 0 is a real-valued function in {u,v), which is called the 
complex Chebyshev net. The sinh-Gordon equation -|- 9yy + 4 sinh 0 = 0 is 
the integrability condition. In this case, the singular curve is characterized by 
9 = 0, and the condition for non-degenerate singular points is given by d9 ^ 0. 
Moreover, the cuspidal edges are characterized by 0^ 7 ^ 0, and the swallowtails are 
characterized by 0„ 7 ^ 0, 0„ = 0 and 7 ^ 0. The singular curvature on cuspidal 
edges is given by 

{0u? + {eyf _ 

— A\n \ ^ 11 . 

4|0i;| 

The negativity of Ks has been shown in Theorem 13.11 Like the case of fronts of 
constant negative curvature, Ishikawa-Machida |IM| also showed that the generic 
singularities of fronts of constant positive Gaussian curvature are cuspidal edges or 
swallowtails. 


Here we should like to remark on the behavior of mean curvature function near 
the non-degenerate singular points. 

Corollary 3.5. Let f : ^ {N^,g) be a front and p G a non-degenerate 

singular point. Then the mean curvature function of f is unbounded near p. 


Proof. The mean curvature function H is given by 

^ EN -2FM + GL EN -2FM + GL 
EG-F^ “ 2A2 ■ 

We may assume that u-axis is a singular curve. By applying L’Hospital’s rule, we 
have 

EyN + ENy-2FyM -2FMy+GyL-GLy 

hm H = lim-——-. 

>0 >0 2AA1, 

Firstly, we consider the case (0,0) is a cuspidal edge. Then by the proof of the first 
part of Theorem O we have 

J^(0,0) = G(0,0) = M(0,0) = A^(0,0) = G„(0,0) = 0. 


Thus 


lim F[ = lim " 
v—to >0 2AA„ 


Since A(0, 0) = 0 and W(0, 0) 7 ^ 0 as shown in the proof of Theorem l3.ll FI diverges. 

Next, we consider the case that (0,0) is not a cuspidal edge. When p is not a 
cuspidal edge, by the proof of the first part of Theorem 13.11 we then have 

£;(0,0) = F(0,0) = L(0,0) = M(0,0) = Fy(0,0) = 0, L„(0,0) 7 ^ 0. 


Thus 


lim F[ = — lim GLy/ (2AAi,) 

V —»^0 V —>^0 

diverges, since A(0, 0) = 0 and L„(0,0) 7 ^ 0. 


□ 
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the half-space containing 
the singular curve is 0(—z/) 


The outward normal 


the vector tq 


Figure 5. The half-space containing the singular curve, Theorem 13.71 

Generic behavior of the curvature near cnspidal edges. As an application 
of Theorem l3.ll we shall investigate the generic behavior of the Gaussian curvature 
near cuspidal edges and swallowtails in (R^^go). 

We call a given cuspidal edge p G generic if the second fundamental form 
does not vanish at p. Theorem 13.11 implies that fronts with bounded Gaussian 
curvature have only non-generic cuspidal edges. In the proof of the theorem for 
cuspidal edges, L = 0 if and only if is perpendicular to both u and /„, which 
implies that the osculating plane of the singular curve coincides with the limiting 
tangent plane, and we get the following: 

Corollary 3.6. Let f: ^ R^ he a front. Then a cuspidal edge p G is 

generic if and only if the osculating plane of the singular curve does not coincide 
with the limiting tangent plane atp. Moreover, the Gaussian curvature is unbounded 
and changes sign between the two sides of a generic cuspidal edge. 

Proof. By (12.111 and (13.21) . K = tp /, where '0(0,0) 7 ^ 0 if (0,0) is generic. 
Hence K is unbounded and changes sign between the two sides along the generic 
cuspidal edge. □ 

We shall now determine which side has positive Gaussian curvature: Let 7 be a 
singular curve of / consisting of cuspidal edge points, and let -7 = / o 7 . Define 



on the singular curve, which is independent of the choice of parameter t. We call it 
the limiting normal curvature of the cuspidal edge ■jft). Then one can easily check 
that p is a generic cuspidal edge if and only if Ki,{p) does not vanish. Let r2(u) 
(resp. H(—u)) be the half-space bounded by the limiting tangent plane such that u 
(resp. —u) points into f2(u) (resp. 0(—u)). Then the singular curve lies in 0(u) if 
Kv{p) > 0 and lies in Q{—v) if K,,{p) < 0. We call H(u) (resp. Q{—v)) the half-space 
containing the singular curve at the cuspidal edge point p. This half-space is in 
general different from the principal half-space (see Definition 11.191 and Figure [5|). 

We set 

sgno(u) := sgn(ft:,.) 



1 (if H(u) is the half-space containing the singular curve) 

— 1 (if H(—u) is the half-space containing the singular curve). 


On the other hand, one can choose the outward normal vector vq near a given 
cuspidal edge p as in the middle figure of Figured Let A be a sufficiently small 
domain consisting of regular points sufficiently close to p that lies only to one side 






20 


KENTARO SAJI, MASAAKI UMEHARA, AND KOTARO YAMADA 


of the cuspidal edge. For a given unit normal vector v of the front, we define its 
sign sgn^(i^) by sgn^(i/) = 1 (resp. sgn^(i^) = — 1) if coincides with the outward 
normal i/q on A. The following assertion holds: 

Theorem 3.7. Let f: {R^,go) be a front, p a cuspidal edge and A a 

sufficiently small domain consisting of regular points sufficiently close to p that lies 
only to one side of the cuspidal edge. Then sgn^(i/) coincides with the sign of the 
function go{a",!>') at p, namely 

(3.12) sgn^(i/) = sgngo(o-",i>') = ^, " = , 

where cr(s) is an arbitrarily fixed null curve starting at p and moving into A, and 
(t(s) = /(ct(s)) and v = i>{a{s)). Moreover, if p is a generic cuspidal edge, then 

sgno(i^) -sgn^)!^) 

coincides with the sign of the Gaussian curvature on A. 

Proof. We take a special adapted coordinate system {u,v) as in Lemma at the 
cuspidal edge. The vector tq := —fw = fu x v lies in the limiting tangent plane 
and points in the opposite direction of the image of the null curve (see Figure 0 
right side). 

Without loss of generality, we may assume that A = {u > 0}. The unit nor¬ 
mal ly is the outward normal on A if and only if go{vviTif) > 0, namely = 
—goifvv^Vy) > 0. Thus we have sgn{„j,Qj(z/) = sgn(W), which proves (13.121) . Since 
p is generic, we have k,v{p) f- 0 and Kv(p) = L holds. On the other hand, the sign 
of iF on u > 0 is equal to the sign of 

{LN - = L{u,mv{u,Q), 

which proves the assertion. □ 

Example 3.8. Consider again the cuspidal parabola /(it, v) as in Example 1 1.91 Then 
{u,v) gives an adapted coordinate system so that d/dv gives a null direction, and 
we have 

L = go{fuu, v) = =, Ny = ^ = > 0. 

x/i+62(1+4021x2) 

The cuspidal edges are generic if and only if ah 0. In this case, let A be a 
domain in the upper half-plane {(it, i;); i; > 0}. Then the unit normal vector (jl.l4l) 
is the outward normal to the cuspidal edge, that is, sgn^(ti) = +1. The limiting 
normal curvature as in (13.111) is computed as = —abj (2|a|2iyi + 62(x_|_ 4 a 2 ix 2 ))^ 
and hence sgnQ(i/) = — sgn(a6). Then sgn(Ar) = — sgn(a6) holds on the upper 
half-plane. In fact, the Gaussian curvature is computed as 

^ —12(a6 + 3ai;) 

i;(4 + (l + 4a2it2)(462 _|_ j^26ii + 9ii2)) 

On the other hand, the Gaussian curvature is bounded if 6 = 0. Moreover, 
the Gaussian curvature is positive if o < 0. In this case the singular curvature is 
negative when a < 0, as stated in Theorem I3.II 

Generic behavior of the curvature near swallowtails. We call a given swal¬ 
lowtail p S m 2 of a front /: M'^ {R^, go) generic if the second fundamental form 

does not vanish at p. 

Proposition 3.9. Let f: M'^ —> {R^,gQ) be a front and p a generic swallowtail 
Then we can take a half-space H C R^ bounded by the limiting tangent plane such 
that any null curve at p lies in H near p {see Figure\^. 
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the swallowtail /+ the swallowtail /_ 

The half-space containing the singular curve is the closer side of the limiting tangent plane for 
the left-hand figure, and the farther side for the right-hand figure. 

Figure 6. The half-space containing the singular curve for generic 
swallowtails (Example [3T2]). 


We shall call H the half-space containing the singular curve at the generic swal¬ 
lowtail. At the end of this section, we shall see that the singular curve is in fact 
contained in this half-space for a neighborhood of the swallowtail (see Figure Eland 
Corollary 13.131) . For a given unit normal vector v of the front, we define the sign 
sgnQ(u) of it by sgnQ(i^) = 1 (resp. sgnQ(i^) = —1) if u points (resp. does not point) 
into the half-space containing the singular curve. 

Proof of Provo sition \S.fk Take an adapted coordinate system {u,v) and assume 
/(0,0) = 0 by translating in B? if necessary. Write the second fundamental form 
as in (13.1|) . Since /^(O, 0) = 0, we have T(0,0) = M(0, 0) = 0, and we have the 
following Taylor expansion: 

9 o{f{u, v), v) = Y9o{fvv{0, 0), u(0, 0)) -t o(m^ -b v'^) = 0)i;^ -b o{u^ -b v'^). 

Thus the assertion holds. Moreover we have 
(3.13) sgn(iV) = sgno(z/). 

□ 

Corollary 3.10. Let a{s) be an arbitrary curve starting at the swallowtail such 
that ct'(O) is transversal to the singular direction. Then 

sgno(u) = sgn(go(o-"(0),i^(0,0))) 

holdswhere a = f o a. 

We let A be a sufficiently small domain consisting of regular points sufficiently 
close to a swallowtail p. The domain A is called the tail part if A is on the opposite 
side of the self-intersection of the swallowtail. We define sgn^(z/) by sgn^(z/) = 1 
(resp. sgn^(i/) = —1) if v is (resp. is not) the outward normal of A. Now we have 
the following assertion: 

Theorem 3.11. Let f: ^ {R^,go) be a front, p a generic swallowtail and 

A a sufficiently small domain consisting of regular points sufficiently close to p. 
Then the Gaussian curvature is unbounded and changes sign between the two sides 
along the singular curve. Moreover, sgng(i/) sgn^(i/) coincides with the sign of the 
Gaussian curvature on A. 
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Proof. If we change A to the opposite side, sgn^(i^) sgn^(Ar) does not change 
sign. So we may assume that A is the tail part. We take an adapted coordinate 
system {u,v) at the swallowtail and write the null vector field as r]{u) = (d/du) + 
e{u){d/dv), where e{u) is a smooth function. Then 

fuiu,0) + e{u)fy{u,0) =0 and 0 ) + e„(u)/„(u, 0 ) + e(M)/t,^(u, 0 ) = 0 

hold. Since u = 0 is a swallowtail, e(0) = 0 and e'(0) 7 ^ 0 hold, where ' = d/du. 

The vector /„„ points toward the tail part A. Thus fv points toward A if 
and only if go^fvjfuu) is positive. Since fu = —e{u)fy and e(0) = 0, we have 
/.«( 0 , 0 ) =e'( 0 )/,( 0 , 0 ) and 

go{fuuiO,0)Jy{0,0)) = -e'( 0 )go(/.( 0 , 0 ),/„( 0 , 0 )). 

Thus 5 o(/«ix( 0 ,0),/„(0,0)) is positive (that is, the tail part is u > 0) if and only if 
e'( 0 ) < 0 . 

Changing v to —v if necessary, we assume e'(0) > 0, that is, the tail part lies in 
r; > 0. For each fixed value of u 7 ^ 0, we take a curve 

cr(s) = (it + es, s|e(it)|) = (u + es,ee(u) s) e = sgne(u) 

and let (t = / o (T. Then a is traveling into the upper half-plane {v > 0}, that is, d 
is traveling into A. Here, we have 

d-'(O) = e{fu{u,0) + e{u)fy{u,0)) = 0 and 
d"(0) = e{e{fu + efy)u + ee{fu + efy)v)\^^^ 

= e(u)(/™(it,0) -I- e(u)/™(u,0)), 

where ' = d/ds. In particular, tr is a null curve starting at (it, 0) and traveling into 
A. Then by Theorem IT71 we have 

sgnA(j") = limsgn( 5 o(d"(s),i>'(s))). 

Here, the derivative of vif) = vijrit)) is computed as v' = e{vu[u, 0)-|-e(it)ii«(it, 0)}. 
Since e(0) = 0, we have 

g((T"(s),i>'(s))|^^Q = \e{u)\go{fuv{u,Q),Vu{u,Q)) + {e{u)Y ip{u), 
where ^p{u) is a smooth function in it. Then we have 

sg^Ai’^) = limsgn(go(d"(s), i>'(s))) = sgn(go(/™( 0 , 0 ), tit,( 0 , 0 )). 

li— 

Here, Ly{0, 0) = -goifu, t^u)v = -go{.fuv,Vu) because fu = 0, which implies that 

sgnA(!^) = sgn(T.„( 0 , 0 )). 

On the other hand, the sign of iF on ii > 0 is equal to the sign of 
(TA-(M) 2 )J^^^ = iV( 0 , 0 )L„( 0 , 0 ). 

Then (jTld|l implies the assertion. □ 

Example 3.12. Let 

/±(it, v) = — I2u^v ± ( 611 ^ — 12i')^, 811 ^ — 24iii;, 611 ^ — 12i;). 

Then one can see that f± is a front and (0,0) is a swallowtail with the unit normal 
vector 

v± = i ( 1 , u, 11 ^ ± 12 ( 2 ii — u^)) 

0 

(d = x/l + u ^ + 145it4 -g 576i;(i; - u ^) ± 24it2(2i; - it2)) . 
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In particular, (u, v) is an adapted coordinate system. Since the second fundamental 
form is ±24du^ at the origin, the swallowtail is generic and sgnQ(i/±) = ±1 because 
of (j3.13p . The images of f± are shown in Figure [H Moreover, since Ly = ±2 at 
the origin, sgn£,(i/±) = ±1. Then by Theorem 13.Ill the Gaussian curvature of the 
tail side of /+ (resp. /_) is positive (resp. negative). 

Summing up the previous two theorems, we get the following: 

Corollary 3.13. Let ■j(t) be a singular curve such that 7(0) is a swallowtail. Then 
the half-space containing the singular curve at ')[£) converges to the half-space at 
the swallowtail 7(0) as t ^ 0. 


4 . Zigzag numbers 

In this section, we introduce a geometric formula for a topological invariant called 
the zigzag number. We remark that Langevin, Levitt and Rosenberg [LLR,| gave 
topological upper bounds of zig-zag numbers for generic compact fronts in . (See 
Remark 14 . 31 ) 

Zigzag number for fronts in the plane. First, we mention the Maslov index 
(see [X]; which is also called the zigzag number) for fronts in the Euclidean plane 
{R^,go). Let 7:6'^^ R? be a generic front, that is, all self-intersections and 
singularities are double points and 3 / 2 -cusps, and let v be the unit normal vec¬ 
tor field of 7. Then 7 is Legendrian isotropic (isotropic as the Legendrian lift 
(7, u): 5 '^ —*■ TiR? ~ X S'^) to one of the fronts in Figure [ 7 ] (a). The non¬ 
negative integer m is called the rotation number, which is the rotational index of 
the unit normal vector field u: S^. The number k is called the Maslov index 

or zigzag number. We shall give a precise definition and a formula to calculate the 
number: a 3 / 2 -cusp 7(^0) of 7 is called zig (resp. zag) if the leftward normal vector 
of 7 points to the outside (resp. inside) of the cusp (see Figure[ 7 ] (b)). We define a 
C°°-function A on as A := det(7', v), where ' = d/dt. Then the leftward normal 
vector is given by (sgnA)uo. Since 7"(to) points to the inside of the cusp, to is zig 
(resp. zag) if and only if 

( 4 . 1 ) sgn(A'5o(7",Jz')) < 0 (resp. >0). 

Let {to, ti,..., t/} be the set of singular points of 7 ordered by their appearance, 
and define Q = a (resp. = b) if j(tj) is zig (resp. zag), and set C7 := CoCi ■ ■ - Oi 
which is a word consisting of the letters a and b. The projection of C7 to the free 
product Z2 * Z2 (reduction with the relation a? = b^ = I) is of the form {ab)^ or 
(ba)^. The non-negative integer := k is called the zigzag number of 7. We shall 
give a geometric formula for the zigzag number via the curvature map defined by 
the second author: 

Definition 4.1 (El). Let 7: — > R? be a front with unit normal vector v. The 

curvature map of 7 is the map 

\ 9 11—> [go{i,i) ■ 9o{.i,v')] e P^{R), 

where ' = d/dt, C is the set of singular points of 7 , and [ : ] denotes the 
homogeneous coordinates of P^{R). 

Proposition 4.2. Let 'y he a generic front with unit normal vector v. Then the 
curvature map Kj can be extended to a smooth map on S^. Moreover, the rotation 
number of K.y is the zigzag number of"/. 
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zig zag 

(a) Canonical forms of plane fronts (b) Zig and zag for plane fronts 


oo 



(c) Counterclockwise in P^{R) 



zig zag 

(d) Zig and zag for cuspidal edges 


Figure 7. Zigzag. 


Proof. Let to be a singular point of 7 . Since 7 is a front, u'(t) 0 holds on a 

neighborhood of to- As v' is perpendicular to u, we have det(u, v') 7 ^ 0. Here, using 
A = det( 7 ', u), we have 7 ' = — (A/ det(u, v'))v'. Hence we have 


K7 = [50(7', 7') : 9o { i , v ')] 


\2 . Apo(u',u')' 


A : 

ffo(u',u')' 

det(u, u') 



det(u, u')_ 


well-defined on a neighborhood of to. Moreover, K-y(t) = [0 : 1](= 00 ) if and only 
if t is a singular point. Here, we choose an inhomogeneous coordinate of [x : y] as 
yfx. 

Since ^ 7 o( 7 ^ v')' = goil" , u') holds at a singular point to, passes through [0:1] 
with counterclockwise (resp. clockwise) direction if > 0 (resp. < 0 ), see 

Figure [ 7 ] (c). 

Let to and ti be two adjacent zigs, and suppose A'(to) > 0. Since A changes 
sign on each cusp, we have A'(ti) < 0. Then by (|4.4I1 . 50 ( 7 ", u') (to) > 0 and 
( 70 ( 7 ", u')(ti) < 0. Hence passes through [0 : 1] in the counterclockwise direction 
at to, and the clockwise direction at ti. Thus, this interval does not contribute to the 
rotation number of Kj. On the other hand, if to and ti are zig and zag respectively, 
K-y passes through [0 : 1] counterclockwisely at both to and ti. Then the rotation 
number of Kj is 1 on the interval [to,ti]. Summing up, the proposition holds. □ 


Zigzag number for fronts in Riemannian 3- manifolds. Let be a manifold 
and /: be a front with unit normal vector u into a Riemannian 3-manifold 

{N^,g). Let S/ C be the singular set, and uo be the unit normal vector field 
of / defined on \ S/ which is compatible with the orientations of and N^, 
that is, vq = (/„ Xg fv)/\fu Xg fv\, where {u,v) is a local coordinate system on 
compatible to the orientation. Then i'o{p) is iz(p) if p S M_|_ and —v{p) if p € M_. 

We assume all singular points of / are non-degenerate. Then each connected 
component C C S/ must be a regular curve on M^. Let p € C be a cuspidal edge. 
Then p is called zig (resp. zag) if vq points towards the outward (resp. inward) side 
of the cuspidal edge (see Figure[7] (d)). As this definition does not depend on p € C, 
we call C zig (resp. zag) if p G C is zig (resp. zag). 

Now, we define the zigzag number for loops on M^. Take a null loop a: —> 

M^, that is, the intersection of a{S^) and S/ consists of cuspidal edges and a' 
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points in the null direction at each singular point. We remark that there exists a 
null loop in each homotopy class. Let = {to, ■ ■ ■ ,ti} C be the set of singular 
points of a ordered by their appearance along the loop. Define Q = a (resp. b) if 
a{tj) is zig (resp. zag), and set Co- := CoCi • ■ • Co which is a word consisting of the 
letters a and b. The projection of Co- to the free product Z 2 * Z 2 (reduction with 
the relation a? = b"^ = 1) is of the form {ah)^ or {ba)^. The non-negative integer 
ka- := k is called the zigzag number of cr. 

It is known that the zigzag number is a homotopy invariant, and the greatest 
common divisor kf of jcr is a null loop on M^} is the zigzag number of f (see 
[LLR,j 1. 

Remark 4.3 (Langevin-Levitt-Rosenberg’s inequality |LLR,] 1. Let be a compact 
orientable 2-manifold of genus g and / : ^ a front. When = R^, [LLRj 

proved the following inequality 

(4.2) + + 3 + 2fc/, 

where a/ is the number of the connected components of the singular set Tif, qf 
the number of the swallowtails, and half the Euler number of the limiting tangent 
bundle Xf/2 is equal to the degree of the Gauss map. Their proof is valid for the 
general case and dmi) holds for any . 

In this section, we shall give a geometric formula for zigzag numbers of loops. 
First, we define the normal curvature map, similar to the curvature map for fronts 
in R? : 

Definition 4.4 (Normal curvature map). Let /: —> {N^,g) be a front with unit 

normal vector v and a: a null loop. The normal curvature map of cr is 

the map 

Ka- S'^\z^3t \—r [gia',a') : gia',^')] € P^{R), 
where a = f o a, v = v o a, ' = d/dt, Z^ G \s the set of singular points of a, and 
[ : ] denotes the homogeneous coordinates of [R). 

Then we have the following: 

Theorem 4.5 (Geometric formula for zigzag numbers). Let f: > {N^,g) be a 

front with unit normal vector v, whose singular points are all non-degenerate, and 
a: ^ a null loop. Then the normal curvature map Ka can be extended to 

, and the rotation number of is equal to the zigzag number of a. 

Proof. Let to be a singular point of cr, and take a normalized coordinate system 
{u,v) of on a neighborhood U of a{to). Then /„ = 0 and fw 7 ^ 0 holds 

on the u-axis, and by the Malgrange preparation theorem, there exists a smooth 
function a such that g{fv, fv) = v‘^a(u,v) and a(u,0) 0. On the other hand, 

g{fv,Vv) = —N vanishes and Ny 0 on the it-axis. Hence there exists a function 
P such that g{fv, Vy) = vpi{u, v) and fi{u, 0) 7 ^ 0. Thus 

(4.3) Ko- = [g{fy,fv) ■■ g{fv,’^v))] = [v^a{u,v) : vP{u,v)] = [va{u,v) : P{u,v)] 

can be extended to the singular point u = 0. Namely, Ka{to) = [0 : 1](= 00 ), where 
we choose an inhomogeneous coordinate yjx for [x : y\. Moreover, g{a',a') 7 ^ 0 on 
regular points, and Ka{t) = [0 ■ 1] if and only if t is a singular point. 

Since u = (sgnA)r'o, so a singular point to is zig (resp. zag) if and only if 

sgn(A)sgn^(ic) > 0 (resp. < 0), 

where e is a sufficiently small number and A is a domain containing a (to -be) which 
lies only to one side of the cuspidal edge. By Theorem 13.71 sgn^(jc) = sgn( 7 (( 7 ", v'), 
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to is zig (resp. zag) if and only if 

(4.4) sgn(A'g(d-", !>'))> 0 (resp. < 0), 

where A = A o cr. Since g{<j', v') = g{^", v') holds at singular points, we have 

• if to is zig and A'(to) > 0 (resp. < 0), then passes through [0 : 1] 
counterclockwisely (resp. clockwisely). 

• if to is zag and A'(to) > 0 (resp. < 0), then Ka passes through [0 : 1] 
clockwisely (resp. counterclockwisely). 

Let = {to,..., t;} be the set of singular points. Since the function A has alter¬ 
native sign on the adjacent domains, A'(tj) and A'(tj+i) have opposite sign. Thus, 
if both tj and tj+i are zigs and X{tj) > 0, passes through [0 : 1] counterclock¬ 
wisely (resp. clockwisely) at t = tj (resp. tj+i). Hence the interval [tj,tj+i] does 
not contribute to the rotation number of k^- Similarly, two consecutive zags do 
not affect the rotation number. On the other hand, if tj is zig and is zag and 
\{tj) > 0, Kct passes through [0 : 1] counterclockwisely at both tj and tj+i. Hence 
the rotation number of Ka on the interval [tj,tj+i\ is 1. Similarly, two consecutive 
zags increases the rotation number by 1. Hence we have the conclusion. □ 

5. Singularities of hypersurfaces 

In this section, we shall investigate the behavior of sectional curvature on fronts 
that are hypersurfaces. Let C/" (u > 3) be a domain in (ii"; ui, U 2 , ■ ■ ■, u„) and 

/: U^^{R^+\go) 

a front, that is, there exists a unit vector field v (called the unit normal vector) such 
that go{fi,X, iz) = 0 for all X G TU^ and (/, v ): C/" ^ x S'” is an immersion. 

We set 

A := det(/„i,...,/„„,p), 

and call it the signed volume density function. A point p G C/” is called a singular 
point if / is not an immersion at p. Moreover, if dA 0 at p, we call p a non¬ 
degenerate singular point. On a sufficiently small neighborhood of a non-degenerate 
singular point p, the singular set is a (n — l)-dimensional submanifold called the 
singular submanifold. The 1-dimensional vector space at the non-degenerate singu¬ 
lar point p which is the kernel of the differential map (/*)p: TpU"^ —*■ is called 

the null direction. We call p G a cuspidal edge if the null direction is transversal 
to the singular submanifold. Then, by a similar argument to the proof of Fact 11.51 
in [KRSUY] ■ one can prove that a cuspidal edge is an A 2 -singularity, that is, locally 
diffeomorphic at the origin to the front fc{ui, ■ ■ •, Wn) = (uf, uf, M 2 , ■ • •, Un)- 

Theorem 5.1. Let f: ^ po) {n > 3) be a front whose singular points 

are all cuspidal edges. If the sectional curvature K at the regular points is bounded, 
then the second fundamental form on the singular submanifold vanishes. Moreover, 
if K is positive everywhere on the regular set, the sectional curvature of the singu¬ 
lar submanifold is non-negative. Furthermore, if K > 5{> 0), then the sectional 
curvature of the singular submanifold is positive. 

Remark 5.2. The previous Theorem 13.ll is deeper than this theorem. When n > 3 
we can consider sectional curvature on the singular set, but when n = 2 the singular 
set is 1-dimensional and so we cannot define the sectional curvature. Rather, one 
defines the singular curvature instead. We do not define singular curvature for 
fronts when n > 3. 
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Proof of Theorem \5.1[ Without loss of generality, we may assume that the singular 
submanifold of / is the (ui,..., zi„_i)-plane, and dn := djdun is the null direction. 
To prove the first assertion, it is sufficient to show that h{X, X) = 0 for an arbitrary 
fixed tangent vector of the singular submanifold. By changing coordinates if nec¬ 
essary, we may assume that X = di = d/dui. The sectional curvature K{di A dn) 
with respect to the 2-plane spanned by {9i,9n} is given by 

K{di A dn) = —7-^ {gzj = 9o{dz,dj), hij = h{d^, dj )), 

QllQnn l^lnj 

where h is the second fundamental form. By the same reasoning as in the proof of 
Theorem 13.11 the boundedness of K{di A dn) implies 

= hll go{Dunfun I )L„=0 ’ 

Un—0 

To show /ill = X) = 0, it is sufficient to show does not vanish 

when Un = 0. Since / is a front with non-degenerate singularities, we have 

0 ^ ~ det(/ui J • • ■ J fun-l 5 ^Un fu^ 5 7 


0 — (^ll^nn (^In) 


Ohn-, 

— hii —— 
Un—O UXln 


which implies f^^,^ fu„-i, Du„fu„, and u are linearly independent when u„ = 0, 
and then can be written as a linear combination of them. Since / is a front, 
^ 0 holds when = 0, and we have 2go{h'un, v) = go{v, v)u„ = 0, and 


= -go{i^,Du„fuj) = goivujjuj =0 (j = 1,... ,n- 1). 

Thus we have that i^u„) never vanishes at Un = 0. 

Next we show the non-negativity of the sectional curvature Ks of the singular 
manifold. It is sufficient to show Ks{di A df) > 0 at = 0. Since the sectional 
curvature Kjj^ is non-negative, we have 


(5.1) 


d^ 


(/ 111/122 — 


{hi2)^) 


> 0 , 


by the same argument as in the proof of Theorem 13.II Since the restriction of / to 
the singular manifold is an immersion, the Gauss equation yields that 


Ks{di A d^) 


ffo(aii, 022) — go(ai2, Q12) 
511522 - (512)^ 


where a is the second fundamental form of the singular submanifold in and 

oiij = o:{fuj, fuj)- 

On the other hand, since the second fundamental form hof f vanishes, 5o(i^«„, fuj) 
0 holds for j = 1,..., n, that is, ly and are linearly independent vectors. More¬ 
over, we have 

~ gois^ij-i r')h' -\- - ^ ^Un)^Un 

I 

— hijl^ ^ go(.^ij : ^Un)^Un — 1 ^ {^'ij)un^Un ^ 


since the second fundamental form h oi f vanishes and 


goi^ij:^Un) — goi^Uj fui ^ ^Uji) — i.^ij)un 9o(.^Uihduj fUn : ^) — {^ij)l. 


for i,j = 1,..., n — 1. Thus we have 

1 


Ks{di A d2) = 


52 


511522 - ( 512 )^ idUn)‘ 


:{hiih22 — (^ 12 )^) 


> 0 . 


Un—0 


□ 
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Example 5.3. We set 

/(m, V, w) := {v, w, v? + av^ + bw^, + cu^) : R^, 

which gives a front with the unit normal vector 

ly = -{2av(2c + 3u), 2bw{2c + 3m), —2c— 3m, 2), 

0 

where 6 = \/4 + (3m + 2c)^(l + 4a^M^ + ib'^w'^). 

The singular set is the Mw-plane and the M-direction is the null direction. Then 
all singular points are cuspidal edges. The second fundamental form is given by 
h = S~^ {6u du^ — 2(3m + 2c){adv^ + bdw'^)}, which vanishes on the singular set if 
ac = be = 0. 

On the other hand, the sectional curvatures are computed as 

12a(3M + 2c) 

^ ~ m<52(4 + (3m + 2c)2(l + 4a^v^)) ’ 

lyta A o ^ _ 126(3 m + 2c) 

^ + ( 3 y + 2c) 2(1 + 462u;2)) ’ 

which are bounded in a neighborhood of the singular set if and only if ac = 5c = 0. 
If ac = 5c = 0, if > 0 if and only if a > 0 and 5 > 0, which implies Ks = 
4a5(3M + 2c)^/(^^|9„ A > 0. 

6 . Intrinsic formulation 

The Gauss-Bonnet theorem is intrinsic in nature, and it it quite natural to formu¬ 
late the singularities of wave fronts intrinsically. We can characterize the limiting 
tangent bundles of the fronts and can give the following abstract definition: 

Definition 6.1. Let be a 2-manifold. An orientable vector bundle £ of rank 2 
with a metric ( , ) and a metric connection D is called an abstract limiting tangent 
bundle or a coherent tangent bundle if there is a bundle homomorphism 

: TM'^ —> £ 

such that 

(6.1) Dxfy{Y)-DYfy{X) = fy{[X,Y]) (X,YgTM^). 

In this setting, the pull-back of the metric ds^ := f)* {,) is called the first 
fundamental form of £. A point p G is called a singular point if the first 
fundamental form is not positive definite. Since £ is orientable, there exists a skew- 
symmetric bilinear form fip: £p x £p —> R for each p G , where £p is the fiber of 
£ at p, such that /i(ei,e 2 ) = ±1 for any orthonormal frame { 61 , 62 } on £. 

A frame { 61 , 62 } is called positive if /i( 6 i, 62 ) = 1. A singular point p is called 
non-degenerate if the derivative dX of the function 

does not vanish at p, where {U\u,v) is a local coordinate system of at p. On 
a neighborhood of a non-degenerate singular point, the singular set consists of a 
regular curve, called the singular curve. The tangential direction of the singular 
curve is called the singular direction, and the direction of the kernel of is called the 
null direction. Then we can define intrinsic cuspidal edges and intrinsic swallowtails 
according to Fact 11.51 For a given singular curve ^if) consisting of intrinsic cuspidal 
edge points, the singular curvature function is defined by 

Ks{t) ■■= sgn{X{r]))kg(t), 
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where kg{t) := is the limiting geodesic curvature, n(t) G is 

a unit vector such that ^(' 0 ( 7 '(t)), n(t)) = 1, and r]{t) is the null direction such 
that ( 7 '(t), 77 (t)) is a positive frame on Then Theorem ll.Gl and Proposition 1 1.81 

hold. Let (C/; 61 , 62 ) be an orthonormal frame field of £ such that ^{ 61 , 62 ) = 1. 
Then there exists a unique 1-form a on U such that 

Dxei = -a(X)e 2 , Dxe 2 = a{X)ei (X G TM^), 

which is called the connection form. Moreover, the exterior derivative da does not 
depend on the choice of a positive frame (t/; 6 i, 62 ) and gives a (globally defined) 
2-form on M^. When is compact, the integration 

( 6 - 3 ) Xe-= [ da 

27r 

is an integer called the Euler number of £. Let (?7; ei, 62 ) be a positive orthonormal 
frame field of £ and 7 ( 3 ) a curve in C/(c M^) such that {ifj{j'{s)),tp{'y'{s))) = 1 . 
Let (p{s) be the angle of 4’{'y'{s)) from 61 ( 7 ( 5 )). Then we have 

(6.4) kg ds = dip — a. 

Let A be a triangle with interior angles A,B,C. In the interior of A, we suppose 
that there are no singular points and that if* da is compatible with respect to 
the orientation of M^. We give an orientation to dA such that conormal vector 
points into the domain A. By using the same argument as in the classical proof 
of the Gauss-Bonnet Theorem, we get the formulas ([1]) and ([3]) in the introduction 
intrinsically. This intrinsic formulation is meaningful if we consider the following 
examples: 

Example 6.2 (Cuspidal cross caps). A map /: ^ B? is called a frontal if 

there exists a unit normal vector field v such that /»A is perpendicular to v for all 
X G TM"^. A frontal is a front if (/, v): ^ x S'^ is an immersion. A cuspidal 

cross cap is a singular point locally diffeomorphic to the map {u,v) 1 -^ {u,v‘^,uv^) 
and is a frontal but not a front. In [FSUYj . a useful criterion for cuspidal cross 
caps are given. Though a cuspidal cross cap is not a cuspidal edge, the limiting 
tangent bundle is well defined and the singular point is an intrinsic cuspidal edge. In 
particular, our Gauss-Bonnet formulas hold for a frontal that admits only cuspidal 
edges, swallowtails and cuspidal cross caps, and degenerate peaks like as for a 
double swallowtail. 


Example 6.3 (Singularities with higher codimensions). A smooth map /: —> 

i?" defined on a 2 -manifold into RE {n > 3) is called an admissible map if 
there exists a map v. ^ G 2 {R^) into the oriented 2-plane Grassman manifold 
G 2 {RE), such that it coincides with the Gauss map of / on regular points of /. For 
an admissible map, the limiting tangent bundle is canonically defined and we can 
apply our intrinsic formulation to it. 


A realization problem for abstract limiting tangent bundles is investigated in 
[SUY| . The realization of first fundamental forms with singularities has been treated 
in |K 2 l. 
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